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POSSIBLE GENERATION OF A γ-RAY LASER BY ELECTRONS
WIGGLING IN A BACKGROUND LASER
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The possibility of γ−ray laser generation by the radiation of wiggling electrons in an usual back-
ground laser is discussed.
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I. INTRODUCTION
To extend the spectrum of lasers to the γ-ray range
is a long dream for both nuclear and laser physicists. It
means fantastic improvement of techniques, such as much
more precise measurements of space-time, holography for
nanometer size or even smaller objects, and so on. There
are various proposals[1–7] for its realization, including
those of using nuclear decay and condensed positron-
ium decay and those of using γ−ray emitted by wiggling
charged particles. [1, 2] are review articles. We preferred
the way of using the radiations from charged particles
wiggling in a periodically bent crystal[5–7]. However,
this proposal assumes that the crystal is ideal. Contrar-
ily, the real crystals are not ideal. They have lacunae
and impurities. This point hurts the reliability of the
proposal. Another problem is that, the theory used in
this proposal is not fundamental, which also spoils its
reliability. Moreover, to bend the crystal periodically in
small space-time is not easy. Here we propose a way for
the γ-ray laser generation, which keeps basic ideals of
this proposal, but without its shortcomings.
Physically a laser is a classical limit of electromagnetic
wave, simple and clean. It wiggles charged particles in
a well-known way, therefore is an ideal wiggler for fur-
ther laser generation, including those in the γ-ray range.
The whole process may be described by a fundamental
theory, it is quantum electrodynamics, the best theory in
physics nowadays. We therefore reformed the quantum
electrodynamics[8] for this purpose, to see whether it may
offer a better way for the γ-ray laser generation or not.
The main change is to substitute the laser state for the
usual vacuum state, the latter was defined to be a state
without any photon and charged particle. The quantiza-
tion of electromagnetic field is now around a given laser
state instead of the usual vacuum state. Base wave func-
tions for the electron field quantization are changed to
the solutions of Dirac equation for electron in the given
laser, instead of that in the usual vacuum. These new
base wave functions are periodically distorted, showing
the quantum wiggling of electrons in the laser. This is
a new picture of quantum electrodynamics, equivalent to
its other pictures. As in the original picture, the Hamil-
tonian of the system is also divided into two parts. One
is for the free motion, another is the interaction between
the free parts. But now, electrons are wiggling under the
action of the applied laser. Their freedom only means
that they do not emit or absorb photons. Photons now
are quanta of the fluctuation of the electromagnetic field
relative to the given laser. The laser, a given classical
part of the electromagnetic field is subtracted. This free
Hamiltonian is exactly handled like that in the original
picture. Interaction Hamiltonian governs the emission
and absorption of single photon by an electron. It is
handled by perturbation. This is save because of the
smallness of the fine structure constant α. We see that
the proposal is on a sound foundation. It is as sound as
the usual form of the quantum electrodynamics.
On this foundation we find that, in a head on collision
between a mono-energy electron beam and a laser, in
a wide range of electron energy and laser frequency, a
beam of γ−ray appears on the forward direction of the
electron motion. It is almost completely polarized, mono-
directional and monochromatic. It is therefore worthy to
try the γ−ray laser generation in this way.
There has been a lot of works on the electron laser
collisions, both theoretical and experimental[9–17]. The-
oretical works are based on the Compton formula and
Klein-Nishina formula for the Compton scattering[18–
21], which are derived from the quantum electrodynam-
ics in vacuum[22, 23], but without considering the stim-
ulated emission of electrons. The coherence of photon
states in the laser[24–30] is also overlooked. Experimen-
tal works found a way for generating intense γ−ray by
the Compton backscattering (CBS). However, overlook-
ing stimulated emissions, they overlooked the possibility
of making a γ−ray laser in this way. We hope these im-
perfections may be remedied.
In section II we explain how a laser wiggles electrons
and makes them emit γ−quanta. The physics is empha-
sized. Nevertheless, it is as quantitative as that given by
the systematically quantum electrodynamical derivation
done in [8]. Formulae for following calculations are given.
In section III we show numerical results obtained by these
formulae, explaining why we can generate γ−ray lasers
in this way. Section IV is for the evolution of the γ−ray
intensity, because of the balance between the γ−quanta
emission and reabsorption. Possible intensity limit is dis-
cussed. Section V is for proposals on further amplifica-
tion of γ−ray laser. Section VI is for confirming the
coherence of the generated γ−ray laser. Section VII is
for conclusions.
2II. QUANTUM WIGGLING AND PHOTON
EMISSION OF ELECTRONS IN A LASER
A laser is a classical limit of an intense electromagnetic
wave and is well described by a classical 4-potential. In
the Coulomb gauge, a circularly polarized laser is de-
scribed by the vector potential
A(x) = A{x0 cos[k(z − t)] + y0 sin[k(z − t)]} . (1)
It is a plane wave circularly polarized in the x− y plane
and propagating along the z direction, with a wave vector
k = kz0 and an amplitude A. x0, y0 and z0 are unit
vectors along x, y and z directions respectively. The
Dirac equation for an electron in this laser is
i
∂ψ
∂t
= {α · (−i∇)+ eA[αx cosφ+αy sinφ]+βm}ψ, (2)
with φ ≡ k(z − t). e is the absolute value of the elec-
tron charge, and m is the electron mass. Dirac matrices
defined in Lurie’s book[22] and the nature unit system
(c = h¯ = 1) are used. The operator on the right hand side
of this equation is time dependent. Fortunately, a time
dependent unitary transformation generated by the op-
erator e−iktjz removes this time dependence[27], in which
jz = −i ∂
∂ϕ
+
Σz
2
(3)
is the z-component of the angular momentum of the elec-
tron. ϕ is the azimuth angle of the electron, defined to
be the angle between the projection of the electron ra-
dius vector on the x− y plane and the x-axis. Σz is the
z-component of the Pauli matrices. The transformation
ψr = e
−iktjzψ (4)
is a rotation around the z−axis with angular velocity
k. The resulting picture is therefore called the rotation
picture, and denoted by the subscript r. Multiplying
e−iktjz on two sides of equation (2) from left, we obtain
the wave equation
i
∂ψr
∂t
= {α·(−i∇) + eA[αx cos(kz)+αy sin(kz)] + βm
+ kjz}ψr (5)
in the rotation picture. The operator on the right hand
side of this equation is no longer time dependent. We
therefore have stationary solutions ψr(x, t) = U(x)e
−iεt
for this equation. They satisfy the eigen-equation
{α·(−i∇) + eA[αx cos(kz)+αy sin(kz)] + βm+ kjz}U
= εU, (6)
in which U(x) is an eigenfunction and ε is the correspond-
ing eigenvalue. This equation is exactly solved[8, 31],
with
ε ≡ εn ≡ εn,σ,τ(pz, p⊥) = E+
e2A2
2(E − pz) +(
σ
2
−n)k (7)
and
U(x) ≡ Un(x) ≡ Un,σ,τ (pz, p⊥ ;x)
=
1
2pi
exp
{
i
[
pz +
e2A2
2(E − pz)
]
z
}
×
{
1− eA
2(pz−E) [αxcos kz+αy sinkz+i(Σycos kz−Σxsinkz)]
}
×
[
inJn(p⊥ρ
′)e−inϕ
′
P++i
n−σJn−σ(p⊥ρ
′)e−i(n−σ)ϕ
′
P−
]
uσ(0). (8)
p, E = τ
√
p2 +m2 with τ = ±1, σ = ±1 and n= integer
are parameters characterizing the solution. Sometimes n
is chosen to be the representative of these parameters.
Jν(ξ) is a Bessel function of order ν in variable ξ. In
the cylindric coordinates pz, p⊥, ϕp for the momentum
p, with px = p⊥ cosϕp and py = p⊥ sinϕp, the bispinor
factor in the plane wave solution of Dirac equation for a
free electron is
u = u+ + u−eiσϕp , (9)
with
u+=
√
E +m
2E
[
1
pzσ
E+m
]
χ
σ
, u−=
√
E +m
2E
[
0
p⊥
E+m
]
χ
−σ
, (10)
in which χ
σ
is an eigenspinor of Σz with eigenvalue σ.
For given pz and p⊥, the bispinor (9) is characterized
by σ and ϕp, therefore may be denoted by uσ(ϕp). The
bispinor uσ(0) at the end of eq.(8) is defined in this way.
The projection operator P±≡1±σΣz2 gives P±uσ(0)= u±.
(ρ′, ϕ′, z) in wave function (8) are coordinates of the elec-
tron position, in which (ρ′, ϕ′) are defined by
x′ = x− eA
k(pz−E) sin kz = ρ
′ cosϕ′,
y′ = y + eA
k(pz−E) cos kz = ρ
′ sinϕ′.
}
(11)
These equations constitute a z-dependent linear coordi-
nate transformation from Cartesian coordinates (x, y, z)
to (x′, y′, z) in x − y plane, followed by a transforma-
tion from rectangular coordinates (x′, y′) to polar coor-
dinates (ρ′, ϕ′) in this plane. The factor 12pi on the right
hand side of solution (8) is a normalization constant. The
set [Un,σ,τ (pz, p⊥ ;x)] of all eigenfunctions is therefore or-
thonormal, so that∫
U †n,σ,τ (pz, p⊥ ;x)Un′,σ′,τ ′(p
′
z, p
′
⊥
;x)d3x
=
1
p
⊥
δ(p
⊥
− p′
⊥
)δ(pz − p′z)δn,n′δσ,σ′δτ,τ ′. (12)
Since in this work we are interested only in the electron-
laser interaction, always have τ = 1, the eigenfunctions
will be simply denoted by Un(x) ≡ Un,σ(pz, p⊥ ;x) ≡
Un,σ,1(pz, p⊥ ;x) in the following.
At the limit A→ 0,
Un,σ(pz, p⊥ ;x)→U (0)n,σ(pz, p⊥ ;x)≡
eipzz
2pi
[
inJn(p⊥ρ)e
−inϕP+
+in−σJn−σ(p⊥ρ)e
−i(n−σ)ϕP−
]
uσ(0), (13)
3ρ, ϕ, and z are cylindric coordinates of the electron. The
right hand side is a solution of Dirac equation for a free
electron, and
∞∑
n=−∞
einϕp√
2pi
U (0)n, σ(pz, p⊥ ;x) =
1√
(2pi)3
eip·xu (14)
is a plane wave solution of Dirac equation for a free elec-
tron of momentum p = p
⊥
(cosϕpx0 + sinϕpy0) + pzz0,
u is defined by eq.(9). In the case of p
⊥
= 0, we have
U (0)n, σ(pz , 0;x) =
δn,0
2pi
eipzzu. (15)
It is nonzero only when n = 0. In this case, it is already
a plane wave of electron with momentum p = pzz0. Now
we see the influence of the laser on the electron motion.
It is distortions of the electron wave in x − y planes,
periodically along the z direction, and the modulation of
the periodicity along the z direction. It is the wiggling of
electrons. Since it appears in the wave function instead
in their trajectories, we call it quantum wiggling.
The wiggling electron radiates because of the interac-
tion eα ·A′ between the electron and the electromagnetic
field fluctuation around the laser. A′ is the difference
between the total electromagnetic vector potential and
the vector potential (1) of the laser. It is decomposed
into various modes, each with a wave vector k′ and a
polarization vector e′, perpendicular with each other in
the Coulomb gauge, and denoted by ι′ ≡ (k′, e′). It is
quantized. In the interaction picture, the wave function
associated with a photon of mode ι′ is[22]
A′ι′(x, t) =
e′√
(2pi)32k′
ei(k
′·x−k′t). (16)
In the rotation and interaction picture, the interaction
matrix element for the electron transition from the state
Un,σ(pz, 0;x) to the state Un′,σ′(p
′
z, p
′
⊥
;x) and emitting
a photon of wave vector k′ and polarization e′ is
〈p′
⊥
, p′z, σ
′, n′; , e′,k′|H ′(ri)|n, σ, pz, 0〉
= ei[εn′, σ′,1(p
′
z, p
′
⊥
)+k′−εn,σ,1(pz, 0)]t
∫
U †n′,σ′(p
′
z , p
′
⊥
;x)
×eα · e
′∗
r e
−ik′r ·x√
(2pi)32k′
Un,σ(pz, 0;x)d
3x. (17)
In which
k′r = [k
′
x cos(kt)− k′y sin(kt)]x0
+ [k′x sin(kt) + k
′
y cos(kt)]y0 + k
′
zz0 (18)
and
e′r = [e
′
x cos(kt)− e′y sin(kt)]x0
+ [e′x sin(kt) + e
′
y cos(kt)]y0 + e
′
zz0 (19)
are k′ and e′ respectively in the rotation picture. They
rotate around the z axis with an angular velocity k. The
rotation transformation makes the unperturbed Hamilto-
nian of an electron in the background laser time indepen-
dent, and makes the perturbation of the electromagnetic
field fluctuation on the electron periodically time depen-
dent. These two changes work together results in the
equivalence of the rotation picture with the original one,
and makes the problem able to be handled by the usual
time dependent perturbation.
Take e′1 = cos θ(cosϕk′x0 + sinϕk′y0) − sin θz0 and
e′2 = − sinϕk′x0 + cosϕk′y0 to be a pair of orthonormal
polarization vectors orthogonal to the wave vector k′, in
which θ is the angle between k′ and the z axis, ϕ
k′
is
the angle between the projection of k′ on the x− y plane
and the x axis. The integral in the eq.(17) has been
analytically worked out[8]. It gives
〈p′
⊥
, p′z, σ
′, n′; e′i,k
′|H ′(ri)|n, σ, pz, 0〉 =
eδ(p′
⊥
− k′
⊥
)√
(2pi)32k′p′
⊥
×
√
1
4EE′(E +m)(E′ +m)
∞∑
N=−∞
∑
ν=0,±1
JN−ν(p′⊥R
′)
×
[
δσ,σ′F
(ν)
i e
−iNϕ
k′ + δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]
×δ[p′z − pz +
eA
2
(R′ −R)k + k′z −Nk]
×ein′(ϕk′+pi)ei[E′−E+ eA2 (R′−R)k+k′−Nk]t, (20)
with R ≡ eA
k(E−pz) , R
′ ≡ eA
k(E′−p′z) ,
F
(0)
1 ≡ − cos θp′⊥(E +m)− sin θ[(E′ +m)pz
+(E +m)p′z+
1
2k
2RR′(pz−E−m)(p′z−E′−m)],
F
(σ)
1 ≡ k2{cos θR(pz −E −m)(p′z −E′ −m)
+sin θp′⊥[(R+R
′)(E +m)−(R−R′)pz},
F
(−σ)
1 ≡ k2 cos θR′(pz − E −m)(p′z − E′ −m),
G
(0)
1 ≡ σ{cos θ[pz(E′ +m)− p′z(E +m)]
+ sin θp′⊥[
k2RR′
2 (pz − E −m) + E +m]},
G
(σ)
1 ≡ −σk2 {cos θRp′⊥(pz − E −m)
+ sin θ[R(pz − E −m)(p′z + E′ +m)
−R′(pz + E +m)(p′z − E′ −m)]},
G
(−σ)
1 ≡ −σk2 cos θR′p′⊥(pz − E −m),


(21)
and
F
(0)
2 ≡ −iσp′⊥(E +m),
F
(σ)
2 ≡ −iσ kR2 (pz − E −m)(p′z − E′ −m),
F
(−σ)
2 ≡ iσ kR
′
2 (pz − E −m)(p′z − E′ −m),
G
(0)
2 ≡ i[pz(E′ +m)− p′z(E +m)],
G
(σ)
2 ≡ ikR2 p′⊥(pz − E −m),
G
(−σ)
2 ≡ −ikR
′
2 p
′
⊥(pz − E −m).


(22)
N is an integer, its appearance and the summation over
it in eq. (20) come from the integration.
Suppose a free electron of momentum p = pzz0 and
spin σ/2 comes from remote past and meets a laser
on the way. It evolves according to Gell-Mann Low
4theorem[32] into the state Un,σ(pz, 0;x). The above
analysis shows, this state may transit to a superposi-
tion
∑∞
n′=−∞
e
in′ϕp√
2pi
Un′, σ′(p
′
z , p
′
⊥
;x) of electron states in
the laser due to the electromagnetic interaction H ′(ri),
and emit a photon of momentum k′. The superposed
electron state evolves once again in the laser, into the
state 1√
(2pi)3
eip
′·xuσ′ of a free electron when goes to the
remote future. In the initial state, besides an electron
in the state Un, σ(pz, 0;x), there may be N photons in
the mode (k′, e′i). It is denoted by |N,k′, e′i;p, σ〉, with
p = pzz0. In the final state, the electron state has tran-
sited to
∑∞
n′=−∞
e
in′ϕp√
2pi
Un′, σ′(p
′
z , p
′
⊥
;x), and the number
of the photon in mode (k′, e′i) becomes N + 1. It is de-
noted by |N + 1,k′, e′i;p′, σ′〉. The interaction matrix
element is now
〈σ′,p′; e′i,k′, N + 1|H ′(ri)|N,k′, e′i;p, σ〉 =
e
2pi
√
2k′
×
√
N + 1
4EE′(E +m)(E′ +m)
∞∑
N=−∞
∑
ν=0,±1
JN−ν(p′⊥R
′)
×
[
δσ,σ′F
(ν)
i e
−iNϕ
k′ + δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]
×δ[p′ + k′ − p−Nk + eA
2
(R′ −R)k]
×ei[E′−E+ eA2 (R′−R)k+k′−Nk]t, (23)
in which the factor
√
N + 1 makes the stimulated emis-
sion,
δ[p′ + k′ − p−Nk + eA
2
(R′ −R)k]
=
δ(p′
⊥
− k′
⊥
)
p′
⊥
δ(ϕ
k′
+ pi − ϕ
p′
)
×δ[p′z − pz +
eA
2
(R′ −R)k + k′z −Nk] (24)
is a 3-dimensional δ-function.
In the first order perturbation, the transition ampli-
tude of the process is
〈σ′,p′; e′i,k′, N+1|T |N,k′, e′i;p, σ〉
= −i
∫ ∞
−∞
〈σ′,p′; e′i,k′, N+1|H ′(ri)|N,k′, e′i;p, σ〉dt
= −i e√
2k′
√
N + 1
4EE′(E +m)(E′ +m)
×
∞∑
N=−∞
∑
ν=0,±1
JN−ν(p′⊥R
′)
×
[
δσ,σ′F
(ν)
i e
−iNϕ
k′ + δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]
×δ[p′ + k′ − p−Nk + eA
2
(R′ −R)k]
×δ[E′ + k′ − E −Nk + eA
2
(R′ −R)k]. (25)
δ−functions give selection rules for non-zero transition
probability. They are
p′ + k′ − p−Nk + eA
2
(R′ −R)k = 0 (26)
and
E′ + k′ − E −Nk + eA
2
(R′ −R)k = 0. (27)
In the limit A = 0, they like the usual momentum and
energy conservation of the process, if N is interpreted
to be the number of photons in the laser which partici-
pate the collision with the electron. However, from the
derivation[8] we see this interpretation is questionable.
The appearance of N is due to the periodic distortion
of the electron wave, it is the quantum wiggling of the
electron in the laser. The exact meaning of N is there-
fore the order of a harmonic component in the distorted
electron wave. The A−dependent terms in them show
the coherence effect of the laser. Using them, we obtain
k′=
Nk(E − pz)
E +Nk + eA2 Rk − (pz +Nk + eA2 Rk) cos θ
. (28)
For given collinear incident electrons and background
laser, this formula gives the direction dependence of the
emitted photon energy. In the case of N = 1 and A = 0,
it reduces to the Compton formula
k′0=
k(E − pz)
E + k − (pz + k) cos θ (29)
of the corresponding Compton scattering[18, 19]. k′0 is
the energy of the outgoing photon when A = 0.
The transition probability per-unit time in unit volume
and unit solid angle of k′ is[8]
∂5P
∂3x∂t∂Ωk′
=
αk′
(2pi)3
N + 1
4EE′(E +m)(E′ +m)
× E
′k′
Nk(E − pz)
∞∑
N=−∞
∣∣∣∣∣
∑
ν=0,±1
JN−ν(p′⊥R
′)
[
δσ,σ′F
(ν)
i e
−iNϕ
k′
+δσ,−σ′G
(ν)
i e
i(σ−N )ϕ
k′
]∣∣∣2 . (30)
In our unit system, the compton wavelength of an elec-
tron is m−1. In the unit of m−2, the differential cross
section of a piece of laser of volume m−3, in which a pho-
ton of momentum k′ and polarization e′i is emitted in a
unit solid angle by an incident electron, is[8]
dΣ
dΩk′
(e′i)=
αk′2(N + 1)
8pimNk|pz|(E − pz)(E +m)(E′ +m)
×
∞∑
N=−∞
∣∣∣∣∣
∑
ν=0,±1
JN−ν(p′⊥R
′)
[
δσ,σ′F
(ν)
i +δσ,−σ′G
(ν)
i e
iσϕ
k′
]∣∣∣∣∣
2
.(31)
For an arbitrarily given polarization e′ =
∑
i=1,2 cie
′
i
of the created photon, with |c1|2 + |c2|2 = 1, the cross
5section (31) becomes
dΣ
dΩk′
(e′) =
αk′2(N + 1)
8pimNk|pz|(E − pz)(E +m)(E′ +m)
×
∞∑
N=−∞
|[δσ,σ′e′∗ ·FN + δσ,−σ′e′∗ · GN ]|2 , (32)
in which
F
N
=
∑
i=1,2
∑
ν=0,±1 F
(ν)
i JN−ν(p
′
⊥R
′)e′i ,
G
N
=
∑
i=1,2
∑
ν=0,±1G
(ν)
i e
iσϕ
k′ JN−ν(p′⊥R
′)e′i .
}
(33)
For definite σ, σ′ and N , the polarization of the outgoing
photon is also definite. It is e′f ≡ FN /FN for σ′ = σ or
e′g ≡ GN /GN for σ′ = −σ, with FN ≡
√
F
∗
N ·FN and
GN ≡
√
G
∗
N · GN .
III. γ−EMISSION AND γ−RAY LASER
GENERATION FROM WIGGLING ELECTRONS
IN AN USUAL LASER
Consider the head on collision between an electron
beam and a circularly polarized laser. To be definite, we
take the Titanium Sapphire Laser of wave length 660nm
to 1180nm tunable. Take the middle, we set the wave
length of the laser to be 785nm. This kind of facility
may be found in many laboratories over the world. By
compression, the pulse intensity of this kind of laser may
be as high as 2×1026W/m2[33]. However, the theory de-
rived above is valid only when the applied laser may be
considered as a plane wave. The linear dimensions of the
laser pulse have to be much larger than the wave length.
It means the laser should not be over compressed. We
would take a moderate intensity. It is 1019W/m
2
. The
energy of the incident electrons is limited in the range
102 to 103MeV. It may be found in many laboratories
too.
Now, a circularly polarized plane wave laser of wave
length 785nm propagates along the z-direction. A beam
of electrons, each with energy E, moves towards −z di-
rection. Electrons wiggle in the laser and emit photons.
Equations (30) and (31) show that the emission proba-
bility decreases rapidly with the increase of the integer
N , because of the contribution of Bessel functions. We
therefore confine ourselves in the case of N = 1. Using
(28) we may calculate the energy of the emitted photon.
To do this we need the coherence amplitude A of the
applied laser. If the radiation is fully coherent, we have
eA
mc
=
√
αλcλ2I
pimc3
, (34)
in which λ is the wavelength and I is the intensity of the
laser. λc = h¯/mc = 0.386pm is the Compton wavelength
of the electron. Fixing I = 1019W/m
2
and λ = 785nm,
we get A = 1.5 × 10−2mc/e. Figure 1 shows the calcu-
lated relation between the energy of the emitted photon
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FIG. 1: Relation between the energy of the emitted photon
on the forward direction of the incident electron motion and
the energy of the incident electron, in the case of λ =785nm
and I = 1019W/m2 for the laser.
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FIG. 2: The relation between Y≡ 106 × dΣ
dΩk′
and X≡ θ/pi, in
the case of λ =785nm and I = 1019W/m2 for the laser, and
energy E = 307MeV for the incident electron.
on the forward direction of the incident electron motion
and the energy of the incident electron. We see the en-
ergy of the emitted photons are in the γ−ray range.
For an unpolarized incident electron beam, if the spin
states of the outgoing particles are not measured, the
probability of finding a photon emitted on direction of k′
is proportional to the average differential cross section
dΣ
dΩk′
≡ 1
2
∑
i=1,2
∑
σ=±1,σ′=±1
dΣ
dΩk′
(e′i). (35)
Substituting parameters
λ = 785nm, I = 1019W/m
2
, and E = 307MeV (36)
into equations (31) and (35), we obtain numerical results
for the average differential cross section as a function of θ,
6which is shown in the figure 2. The angular distribution
for the γ−photon emission is very characteristic. Pho-
tons concentrate in the forward direction of the incident
electrons, and form a very sharp peak on this direction. It
means an almost mono-directional emission. The single
valued relation (28) between the energy and the direc-
tion of the emitted photon tells us, it also means an al-
most monochromatic emission. The stimulated emission
makes positive feedback, and therefore makes a collapse
of the distribution into an almost geometric line with
very high intensity. This is the γ−ray amplification by
stimulated emission of radiation. Using equations (21)
and (22), we find, from the description at the end of the
last section, that the polarization vector of the forward
radiation emitted by electrons is certainly
e′ =
1√
2
(x0 − iy0), (37)
independent of the spin states of the incident electrons.
The radiation emitted by wiggling electrons is therefore
completely polarized. A radiation, even though mono-
directional, monochromatic and completely polarized,
does not necessarily mean a laser. A laser must have
a nonzero coherence amplitude, like the amplitude A of
the laser (1). It requires that the photon number of the
state is not certain. Theoretically, this is not a problem
in our case. The stimulated emission makes the photon
number in the final electromagnetic state uncertain. The
radiation emitted by wiggling electrons should therefore
be a γ−ray laser, to be confirmed by experiments.
On the other hand, the coherence amplitude A =
1.5×10−2mc/e in our case here is small. We have seen, in
this limit, the energy of the photon emitted by wiggling
electrons in a laser with N = 1 approaches the energy
of the final state photon in the corresponding Compton
backscattering. We have also seen in huge number of nu-
merical examples[8], that the average cross section calcu-
lated by eqs.(31) and (35) approaches the result of Klein-
Nishina formula[20, 21, 23] in the same limit. The re-
sults shown in Figures 1 and 2 are therefore qualitatively
true also for CBS. The radiation generated by the usual
Compton backscattering, in which the incident photons
do not form a coherent state, is also mono-directional,
monochromatic and completely polarized on the forward
direction of the incident electron motion. It means, what
one has generated in the CBS experiments, might already
be a γ−ray laser. It would be interesting to check this
point carefully in old and new experiments.
IV. BALANCE BETWEEN EMISSION AND
ABSORPTION, THE INTENSITY OF γ−RAY
LASER
Suppose electron-laser collisions happen in a tube of
cross section S and length L, with
√
S ≪ L. It is the ac-
tive tube for the γ−ray laser generation. Electrons come
from an accelerator, enter the tube at one of its ends,
say end 1; then move to another end, say end 2, and exit
from the tube there. The laser enters the tube at end 2,
then propagates along an opposite direction in the tube
to end 1, and exits there. In the tube, beside the incident
laser, there are initial state electrons of density n(l), the
emitted γ−photons of density N(l), and the final state
electrons of density n′(l), at the point l. l is an one di-
mensional coordinate of this point, denoting its distance
to the end 1 of the tube. Two competing processes occur
in the tube. One is the emission of the γ−photon by an
initial state electron, after emission the electron transits
to its final state. Another is the absorption of the emit-
ted γ−photon by a final state electron, an initial state
electron reappears. The interaction Hamiltonian H ′(ri) in
equation (23) is Hermitian. It makes the reciprocal theo-
rem valid for the emission and absorption processes here.
In the local approximation we limit N to be the photon
number in an unit volume around the position l under
consideration. It is N(l). In this meaning we have
dN = [(N + 1)n−Nn′]adl/λc, (38)
in which a = dΣdΩk′
/(N + 1) is a constant independent of
position l. It is easily seen, that n + N and n + n′ are
constants. Taking initial conditions
N(0) = n′(0) = 0 and n(0) ≡ n0, (39)
we have
N(l) = n′(l) = n0 − n(l). (40)
Substituting them into equation (38), we obtain
λc
dn
dl
= a[2n2 − (3n0 + 1)n+ n20]. (41)
This is the evolution equation of the process. The so-
lution n(l) under the initial conditions (39) and, by eq.
(40), also N(l) and n′(l) are obtained:
n(l) = n0
√
n20 + 6n0 + 1− n0 − 1 + (
√
n20 + 6n0 + 1 + n0 + 1) exp(−
√
n20 + 6n0 + 1 al/λc)√
n20 + 6n0 + 1− n0 + 1 + (
√
n20 + 6n0 + 1 + n0 − 1) exp(−
√
n20 + 6n0 + 1 al/λc)
, (42)
N(l) = n′(l) = 2n0
1− exp(−√n20 + 6n0 + 1 al/λc)√
n20 + 6n0 + 1− n0 + 1 + (
√
n20 + 6n0 + 1 + n0 − 1) exp(−
√
n20 + 6n0 + 1 al/λc)
. (43)
7Take parameters (36), which have been used in mak-
ing figure 2, we obtain λc/a = 337nm. For tube length
L = 1cm, aL/λc is already practically infinity. Eq. (43)
shows, in this case, at the end 2 of the tube, the number
density of γ−quanta in the generated γ−ray laser ap-
proaches a constant, which is about a half of the number
density of the incident electrons. This is a result of the
balance between emissions and absorptions of γ−quanta
by the initial state and final state electrons respectively
in the tube. The intensity of the output γ−ray laser is
therefore almost determined by the intensity of the in-
put electron current. For an electron beam of density
n0 = 10
18/m3 and energy E = 307MeV, which may be
found in many laboratories, the intensity of the output
γ−ray laser is about 5× 1013W/m2. It is meaningful.
To generate a more intense γ−ray laser by the head on
collision between an electron beam and an usual laser,
one needs a more intense electron beam. This situation
is some what similar to the generation of an usual laser
by the coherent decay of a dense aggregate of similarly
excited atoms, without pumping. The intensity of the
laser is therefore limited by the limit density of the laser
generating medium. In our case, it is limited by the den-
sity of the electron beam. In the theory presented above,
Coulomb interaction between electrons is totally omitted.
This is not permissible if the density of the electron beam
becomes too high. Denote the mean linear dimension oc-
cupied by an electron in the beam by r. The Coulomb
force between two neighboring electrons is α/r2 in the
nature units. On the other hand, the electric force of
an applied laser acting on an electron is eAk, in which A
and k are the amplitude and the circular frequency of the
laser respectively. Therefore, the Coulomb interaction is
omissible only when r ≫ √α/eAk ≡ rc. It means the
number density n of the electron beam has to be much
less than the critical density nc = r
−3
c . Take parame-
ters (36), we obtain nc ≈ 1029/m3. To be save, we take
n0 = 10
23/m3. It may generate a γ−ray laser of intensity
1018W/m2, if technical difficulties may be overcome. For
too dense electron beams, the space charge effect becomes
important. To consider the collision between a laser and
a dense electron beam with serious space charge, we have
to essentially modify the theory presented above.
V. MULTI-SECTION LASERS, PUMPING AND
RESONATOR, LINEAR AND CYCLIC
INTENSIFIERS
The space charge problem may also be solved in a tech-
nical way. It is to divide one high density electron beam
into many sub-beams with much lower densities, and in-
ject them into the active tube from different entrances at
different times. Entrances are opened on the wall of the
tube, distributed along its length direction. The elec-
tron sub-beams are injected through them by suitably
designed magnets so that the injected electrons move
along central axis of the tube. The injection time is also
FIG. 3: Sketch map for the multi-section active tube. The
space between two parallel black lines shows the inside of the
tube, dote lines show the trajectories of the electron injection.
controlled to let the injected electrons meet the already
emitted γ−quanta as soon as they arrive the central axis,
so that the stimulated emissions may continue. Figure 3
is a sketch map of the designation. We also open exits
for electrons, one by one with the entrances, on the wall
of the tube. After participating the emission and absorp-
tion of γ−quanta, electrons are removed from these exits
by suitably designed magnets, just before new electrons
being injected through the corresponding entrances.
The active tube is now constituted by its sections, each
begins from an entrance and ends at an exit. The tube
analyzed above is a single section one. We may ana-
lyze each section in a multi-section tube in a similar way.
Let us concentrate on one section of the tube. l denotes
the distance between a point in the section and the en-
trance of this section. Start from equation (38). We
need a modification for the initial conditions (39). The
γ−quantum number density at the beginning of a section
is N(0) ≡ N0 ≥ 0 in general, the equal mark works only
for the beginning section. Equation (40) now is substi-
tuted by N(l) = N0 + n
′(l) = N0 + n0 − n(l). The
evolution equation is generalized to be
λc
dn
dl
= a[2n2 − (2N0 + 3n0 + 1)n+ n0(n0 +N0)]. (44)
This is slightly more complicated than equation (41), but
is still analytically solvable. An analysis similar to that
made in the section IV shows, for the case with parame-
ters (36), in a section of length L∼ centimeters, after a
balance between emissions and absorptions, the net in-
crease of average photon number density of the γ−ray
laser at the end of the section, is still a noticeable frac-
tion of the number density n0 of newly injected electrons.
At the beginning of the new section, the initial state
electron number density restores its original value n0,
and the final state electrons are removed. It is similar to
the pumping in the usual laser generation. The intensity
of the laser is therefore multiplied by this mechanism.
A κ section tube makes κ times pumping, and therefore
intensifies the γ−ray laser, roughly say, by a factor κ.
8FIG. 4: Sketch map for the cyclic intensifier. The spaces
between two parallel thin gray lines show the inside of the
active tube, dote lines show the paths of the emitted photons,
thick black lines show crystals making Bragg reflection of the
emitted γ−ray.
For the applied laser with parameters (36), the section
length is of the order of centimeters, and the length of a
100 section tube is of the order of meters. It is acceptable.
For the incident electron beam of density n0 = 10
18/m3,
the intensity of the final output γ−ray laser is of the
order of 1015W/m2. If the density of the incident electron
beam becomes n0 = 10
23/m3, we will have a γ−ray laser
of intensity 1020W/m2.
The intensity of a multi-section γ−ray laser is also in-
fluenced by the intensity of the applied laser. More in-
tense incident laser gives larger emission probability for
an electron wiggling in it, which in turn gives larger coeffi-
cient a in the evolution equation (44) and shorter section
in the active tube. An active tube of given length may
therefore contain more sections and give higher intensity
for the γ−ray laser.
A long (several meters or several ten meters), thin and
well collimated many section active tube also plays a role
here, which was played by a resonator in the usual laser
generation. It selects a definite mode of γ−radiation,
with definite direction, therefore definite wavelength and
definite polarization, to amplify by stimulated emissions.
Other modes are washed out from the amplification, be-
cause of the positive feedback. A longer and thinner ac-
tive tube makes the quality of the γ−ray laser better. We
call this structure a linear intensifier of the γ−radiation.
One may change the direction of a soft γ−radiation by
Bragg-reflection, and therefore may arrange the sections
of the active tube for amplifying this radiation in a cyclic
way. In principle, this structure may make a huge number
of amplifications for the γ−ray by stimulated emissions
in a finite space, and reach a very high intensity, if the
reflection efficiency is high enough. We call this structure
a cyclic intensifier of the γ−radiation. A sketch map of it
is shown in figure 4. Unfortunately, the Bragg-reflection
works only for soft γ−radiations with wavelengths of the
order of the lattice constants of some crystals, it is of
the order of Angstroms. Only lasers composed of soft
γ−photons may be intensified in this way. For an exam-
ple, in the head-on collision between an usual laser and
a beam of electrons with parameters
λ = 785nm, I = 1019W/m
2
, and E = 7.68MeV, (45)
the energy of the output photon on the forward direction
of incident electrons is 1.424KeV, it is in the soft γ−ray
range. We expect the γ−ray of this kind may be inten-
sified by the cyclic intensifier to a rather high intensity.
VI. CONFIRMATION OF THE COHERENCE
Finally we have to confirm that the generated and am-
plified γ−ray is indeed a laser. The most direct way for
this purpose is to measure its coherence amplitude A,
and to see whether it is nonzero or not. Equation (28)
of N = 1 and equation (29) help us to do so. Taking re-
ciprocals of two sides in these equations, subtracting the
result of the latter from that of the former, we obtain
∆λ′
λ′0
≡ λ
′−λ′0
λ′0
=
(
eA sin θ2
)2
(E − pz)[E + k − (pz + k) cos θ] . (46)
λ′ ≡ 2pi/k′ and λ′0 ≡ 2pi/k′0 are wavelengths of outgoing
radiations in the electron-laser collision and in the usual
Compton backscattering respectively. The coherence am-
plitude A simply manifests itself in the wavelength shift
∆λ′/λ′0 of the outgoing radiations.
Suppose the output soft γ−radiation generated in the
electron-laser head on collision with parameters (45) is in-
tensified to a high intensity of I = 1026W/m2 by a cyclic
intensifier. A beam of electrons of energy E = 5.135MeV
is injected into the radiation along its propagation di-
rection. Electrons interact with the radiation and emit
ultraviolet radiation on the direction against the γ−ray
propagation. Equations (34), (28) and (46) show that, if
the γ−radiation is completely coherent, the wavelength
of the emitted ultraviolet radiation would be λ′ = 351nm,
and the wavelength shift due to the nonzero coherence
amplitude A would be 2.77 × 10−3. They may be de-
tected and checked by experiments, using normal optic
techniques, well developed about a century ago, for the
fine structure research in the atomic spectroscopy.
It is possible, that the γ−ray is constituted by parts.
One forms a coherent state, it is the laser. Another is a
non-coherent aggregate of photons. The variable I in the
equation (34) is the intensity of the coherent part. To
be definite, we call it the coherent intensity. Combining
equations (34) and (46), we see
∆λ′
λ′0
=
αλ2 sin2 θ2
pi(E − pz)[E + k − (pz + k) cos θ] I (47)
in the nature unit system. The wavelength shift is pro-
portional to the coherent intensity of the radiation. In
the above example, we assumed that the radiation in-
tensity equals its coherent intensity. The radiation, as
9a whole, is a laser. If there are non-coherent photons,
the coherent intensity will be lower than the total inten-
sity. It results in a smaller wavelength shift. In other
words, smaller wavelength shift means incomplete coher-
ence. If in the above example a smaller wavelength shift,
say ∆λ′/λ′0 = 2.77 × 10−4 is observed, one has to con-
clude that only one tenth emitted photons form a coher-
ent state. Other photons are non-coherent.
VII. CONCLUSIONS
Based on quantum electrodynamics, we have shown
that, both in the head on electron-laser collision and in
the Compton backscattering, the emitted photons may
form a γ−ray laser. The competition and balance be-
tween the emission and reabsorption of γ−quanta by elec-
trons determine the evolution and therefore the output
intensity of the γ−ray laser.
In electron-laser collisions, incident electrons, wiggled
by the applied laser, emit γ−photons. The stimulated
emissions amplify the γ−radiation, form the γ−ray laser.
In this sense, the generated γ−ray laser is a Free Electron
Laser (FEL). The new here is that the electron motion in
the background laser is governed and exactly solved by
quantum mechanics. Therefore, it is a Quantized Free
Electron Laser (QFEL). This mechanism may be under-
stood in an usual way as well. The incident electrons
are higher state systems in the background laser. They
transit into final (lower) state and emit γ−photons. The
stimulated emissions again make the γ−ray laser. Two
understandings of the γ−ray laser generation are unified
in quantum theory. In this way, ideas in the usual laser
theory, such as pumping, resonator, positive feedback,
and so on are usable in the analysis. By use of them, we
propose some ways to intensify and qualify γ−ray lasers.
Analytical and numerical estimations show that the pos-
sible generated γ−ray laser may be intense enough to be
detected and researched. A way for measuring the coher-
ence amplitude A, and therefore confirming the coherence
of the γ−ray laser is proposed.
Of course, it is not easy to work out these proposals.
Many technical problems have to be solved before their
realization. For an example, the theory is developed un-
der an ideal condition, in which incident electrons have
identical energies and move on identical directions, and
the background laser is a plane wave. In reality, one can
infinitely approach this condition, but cannot reach it.
The experience of the usual laser generation tells us, there
is a critical bound around the ideal condition. Crossing
over the bound makes the positive feedback of the stimu-
lated emission become dominating, and the emitted pho-
tons collapse into a laser. This is a phase transition. To
find the critical bound and realize the phase transition
for a γ−ray laser would be a heavy work, mainly exper-
imental.
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